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Abstract. For any finite group G, we construct a spectral sequence for computing 
the Bredon cohomology of a G-CW complex X, starting with the cohomology of 
X^/ Ujj-^^ X^' with suitable local coefficients, for various H < G. 



Introduction 

Equivariant homotopy theory is the study of G-spaces - topological spaces 
equipped with a continuous action of a group G - using homotopy-theoretic meth- 
ods. In |Brej . Bredon proposed a framework for studying a G-space X using the 
system of fixed point sets for various subgroups H < G. In particular, he 

introduced an equivariant cohomology theory H^(X; M), for any coefficient system 
M : ^ AbGp defined on the orbit category Oc (cf. ^LT\f . 

Bredon cohomology has become one of the major theoretical tools of equivariant 
homotopy theory. However, it is notoriously difficult to calculate. Our goal here is to 
describe a spectral sequence converging to H^(X; M), for a finite group G, starting 
from "local" information at the various fixed point sets X^. In fact, the spectral 
sequence takes the form 

El' = HI^A^Wh Xw, Xf ; Mh) =^ iTd^; K) , 

[G/H] 

where H^^—; M) are reduced local cohomology groups, Wh '■= NgH/H, and 
Xf = X^/ Ui^>ij X^. See Theorem O below. 

The idea for this spectral sequence is based on a more general construction of local- 
to-global spectral sequences for the cohomology of a diagram X : / — )■ C (cf . |BJT] , 
and compare |JPt [R]): however, the latter only works for directed indexing categories 
/, so it does not apply to Bredon cohomology. Note also that Moerdijk and Svensson 
have a different construction of a spectral sequence for computing Bredon cohomology 
(see [MS]). 

One might expect the spectral sequence constructed here to start from the Bredon 
cohomology H|^^(X^; Mh) at the various fixed point sets. We were not able 
to obtain such a spectral sequence directly. However, we do have another spectral 
sequence of the form: 

ET' = ^Hi^H{EWLX^HXi,MNaHnL) =^ HV^(X^; M^^) , 

G/L 
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thus allowing us to compute these fixed-point-set Bredon cohomology groups, too, 
from the reduced cohomology with local coefficients. See Theorem 14.141 

0.1. Remark. There is a version of Bredon cohomology for any topological group G (in 
particular, for a compact Lie group), based on choosing a family of (closed) subgroups 
of G (see |DK2l lI]). However, in this case the orbit category Oq is itself topologically 
(or simplicially) enriched, so the diagram systems involved are more complicated. Our 
methods do not work in this situation, in general, because the filtration fl2.3p that 
we use need not be exhaustive. Therefore, throughout this paper we assume that G 
is a finite group. 

We would like to thank Wolfgang Liick for pointing out that our spectral sequence is 
similar in spirit to the much more general p-chain spectral sequence of |DL] . However, 
our construction is different, and in this special case we can describe the i^i-term 
and differential quite explicitly. 

0.2. Notation and conventions. All mapping spaces Map(— , — ) are simplicial 
sets, and the category of simplicial sets will be denoted by S. The category of topo- 
logical spaces will be denoted by T, and its objects will be denoted by boldface letters: 
X, Y . . . . We use for Bredon cohomology, to distinguish it from cohomology 

with local coefficients, denoted simply by H^. 

0.3. Organization. In Section[T]we provide some background on G-spaces, the orbit 
category Og, and Bredon cohomology. In Section [2] we define the filtration on the 
orbit category which is the basis for our spectral sequences. In Section [3] we recall 
some basic facts about cohomology with local coefficients in our connection, and in 
Section m we construct the two spectral sequences. 

0.4. Acknowledgements. We would like to thank the referee for his or her comments 
and suggestions. 

1. Bredon cohomology 
Bredon introduced a cohomology theory for G-spaces, using the following notions: 

1.1. The orbit category. Let G be a fixed (finite) group. A basic G-set is the 
set of left cosets G/H for some subgroup H < G, with the left G-action. The 
orbit category Og of G has the basic G-sets as objects, and G-equivariant maps as 
morphisms. 

Any map G/H — )■ G/K in 0^ can be factored as an epimorphism G/H ^ 
-^G/K"" (induced by the inclusion i : H ^ ), followed by an isomorphism 

: G/K"'' G/K. Here K"~' = aKa~\a e G, and 0f"~' is induced by 
the right translation Ra : G ^ G (with Ra{g) = ag), that is: 

(1.2) (/)f" ~' : gK"'' = gaKa'^ i — > gaK 

(see |Brel I, §3]). This map can also be decomposed as il^fpa i where (p^ : G/H — )• 
G/H°- is induced by Ra and i°- : H"^ ^ K is the conjugate of i : H K"^ 
by a. 

1.3. Fact. Two maps (j)^" o -j^ and (j)^^ o from G/H to G/K are the 

same in Oq if and only if a^^b (z K (so K"^ ^ = K^ ' and is the 
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identity). Therefore, the automorphism group Wh '■= AntQ^{G/H) of G/H E Oq 
is NgH/H, where NqH is the normalizer of H in G. 

Note that if a is in K"^ \ the right multiphcation Ra induces the identity map 

even though the conjugation isomorphisms : H ^ H"' 
and pf " : K may be non-triviaL 

1.4. G-spaces. For any (finite) group G, a G-space is a topological space X G 
T equipped with a left G-action. The category of G-spaces with G-equivariant 
continuous maps, simply called G-maps, will be denoted by G-7. We write 

for the fixed point set {x G X : hx = x Wh E H} of X under a subgroup H < G. 

The notion of G-CW complexes (for topological groups) was introduced in [Mil IT]: 
a G-CW complex X is the union of sub G-spaces X*^ such that X° is a disjoint 
union of basic G-sets G/H, and X""*"^ is obtained from X" by attaching G-ce//s 
of the form G/iJxD""^^ (where D*^"^^ is a (ra + l)-disc with boundary S") with 
attaching G-maps G/// x S" — t- X". For finite G, this is equivalent to X being a 
CW-complex on which G acts cellularly (see [tDj). Subcomplexes and relative G-CW 
complexes are defined in the obvious way. For any G-space X, there is a G-CW 
complex X and a weak G-homotopy equivalence 7 : X — )■ X. 

For any collection of subgroups of G closed under conjugation, there is a simplicial 
model category structure on G-7, due to Dwyer and Kan, in which 

(i) A G-map / : X — )■ Y is a weak equivalence (respectively, a fibration) if for 
each H E J-", the restriction /Ix^ is a weak equivalence (respectively, a 
Serre fibration). 

(ii) A G-map / : X — )■ Y is a cofibration if it is a retract of a (transfinite) 
composite of inclusions of relative G-CW pairs (see |DKH §2.1(Q1)]). 

(iii) The function complex Map(3(X, Y) for the simplicial structure on G-7 is 
defined by: Map(^(X, Y)„ := HomG'-T(X x A[r2], Y) (with a trivial G-action 
on A [n] ) . 

See jPKTl §2]. 

1.5. Oc-diagrams. Bredon's approach to G-equivariant homotopy theory, extended 
by Elmendorf in [EJ to compact Lie groups, reduces the study of a G-space X to the 
system of fixed point sets under the subgroups of G: 

For any category C, an O'q - diagram in C is a functor X : 0'^ — )■ C, and the 
category of all such diagrams will be denoted by C g . When C is a simplicial 
model category (cf. [Q| II, §2]), has a projective simplicial model category 

structure in which a map f '■ 2^ Yi of 0^-diagrams is a weak equivalence 
(respectively, a fibration) if for each H < G, f{G/H) : X{G/H) Y{G/H) is 
a weak equivalence (respectively, a fibration). The mapping spaces are defined using 
the simplicial structure in C by Map^ogj (X, F)„ := Hom^og>(X A[n],Y_)n (cf. 
|DKlt §1.3] and compare [P]). 

1.6. Oc-diagrams in 7. When Q = 7, the fixed point set functor $ : G-7 — )■ 7^g ^ 
sending a G-space X to the diagram $X : 0'^ — )• 7 defined: 



(1.7) 



($X)(G/iJ) := X 



4 



DAVID BLANC AND DEBASIS SEN 



has a left adjoint \I/ : T°g — ). G-T (see [0 Theorem 1]). We shall usually denote 
$X by X. 

In fact, this adjoint pair constitutes a simplicial Quillen equivalence between G-7 
and T^G. See [DKll Theorem 3.1] for e = S (with X{G/H) := MapaiG/H,X)). 
Using the "singular-realization" adjoint pair S ^ T, one can translate the Dwyer- 
Kan result to our context. 

For any topological space Z, with trivial G-action, the associated basic G-spaces 
are those of the form G/K x Z [K < G). We denote the corresponding fixed 
point diagrams ^{G/K x Z) by Z_q/j^ G T^g , so 

(1.8) Za/AG/H) := H , 

tP°P:G/K^G/H in 0°J 

where Z^ is a copy of Z, and the structure map Z_Q^j^{(j)°^) sends Z^ by the 
identity homeomorphism to Z^o(/>- In particular, Z^ is the copy of Z indexed by 
Id: G/K G/K in Za/AG/K), and we have: 

1.9. Fact. For any Y_ G 7'^°g , a map of O'^q -diagrams f : Zlgik H uniquely 
determined by a map of spaces f : Zm = Z — Y_{G/K). 

Proof. Thesummand Z^ in Za/f^{G/H) is sent to Y{G/H) by i:(V')o/- □ 

1.10. Cellular Ofj-diagrams. In particular, an n-cell in T^cf is a diagram of 
the form Djj/k '■— '^'(D" x G/K), where D" is an n-cell in 7, and similarly for 
the n-sphere S/Z^jk- ^ cellular complex in T°c? is a diagram X_ = colim^ 
constructed inductively by a process of "attaching cells": i.e., 

(1-11) XT = X!>-' U(,„), W D-^^ 

for some indexing set Ip and diagram maps /q, : S_^^~^^ -> XJ'^^. There is also a 

notion of a relative cellular complex, and the cofibrations in the model category T'^cf 
are retracts of inclusions of a relative cellular complex. See |DKlt Theorem 2.2]. 
The notion of a cellular diagram can be defined more generally - see jPl §3]. 

1.12. Fact (cf. [E]). For any G-space X and X_ G T°g , \Ef$X is a G-CW complex, 
<^^X is a cellular diagram, the unit X — > \E'$X is a G-weak homotopy equivalence, 
and the counit $\I'X — )■ X is a weak equivalence of diagrams. 

1.13. Assumption. From now on we assume that all our G-CW-complexes are of the 
form X = ^$X' for some G-space X'. 

1.14. Bredon cohomology. Let G be a (finite) group, and let M : 0^ — )■ AbGp 
be an 0^-diagram in abelian groups, known as a coefficient system for G. Bredon 
showed that for each n > 1, one can construct a natural 0^-diagram K(M, n] : 
0"^ 7 with each K{M,n){G/H) := K{M{G/H),n) an Eilenberg-Mac Lane 
space (cf. |Bret §6]). Equivalently, applying the functor \E' to K_{A£,n) yields a 
G-space K(M, n) with the property that K(M, n)^ is an (ordinary) Eilenberg- 
Mac Lane space of type K(M(G/iJ), n). In particular, for H = {e} we see that 
K(M,n) is an ordinary K(M(G/{e}), n). 
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By jPKH Theorem 3.1], the function complex Map(^(X, Y) of G-maps be- 
tween two G-CW complexes X and Y is weakly equivalent to the mapping space 
Map^o^p(X, y) between the corresponding O^'-diagrams (cf. (11.71) ). at least if X 
is cofibrant and F is fibrant. Thus the study of G-maps between G-spaces (up to 
homotopy) is reduced to the study of mapping spaces of diagrams. 

The n-th Bredon cohomology group of a G-space X with coefficients in M_ may then 
be defined to be 

(1.15) HS(X;M) := 7roMap^o-(X,K(M,n)) , 

where we assume that X. is cofibrant and K_{A£, n) is fibrant in the model category 
See (6.1)]. Since \E' induces a simplicial Quillen equivalence, we obtain a 
natural isomorphism 

(1.16) H^^XX; M) = 7riMapG(X,K(M,n)) 

for < i < n (cf. [Mi^ V, §4]). 

See |I3roj for a definition of singular equivariant (co)homology (for finite groups), 
|Wj for cellular equivariant homology, and |M2] for cohomology, when G is an arbi- 
trary topological group. 



2. A FILTRATION ON THE ORBIT CATEGORY 

The spectral sequence we construct here is based on the following filtration of 0^: 

2.1. Filtering 0^^. For any subgroup H of G, we define the length of H in G, denoted 
by lenc to be the maximal < A; < oo such that there exists a sequence of 
proper inclusions of subgroups: 

(2.2) H = Ho<H^<H2<...< Hk-i < = G . 
This induces a filtration 

(2.3) J-Q C J-i C ...J-feC ... C 0°P 

by full subcategories, where Obj J-^ := {G/H G 0^ : lenc H < k} (so Obj J^q = 
{G/G}). 

Since G is finite, the filtration is exhaustive: if lencje} = N - that is, the 
longest possible sequence (12. 2p in G has N inclusions of proper subgroups - then 
J'n = Og"- 

Let £^ denote the full subcategory of the slice category 0°q /{G/H) whose 
objects are G/K-^G/H in 0^ with G/K^T^a^ with the obvious commuting 
triangles as maps. 

2.4. Definition. Denote by iS^ the /c-th stratum of the filtration - that is, the full 
subcategory of 0^" whose objects are in J^k\^k-i- Note that all the maps in Sk 
are isomorphisms (by the description in §l.ip . and conversely, any isomorphism in 
0^ are contained in some Sk- Any other map in 0^ strictly increases filtration. 

We let J-'fc denote the collection of subgroups H < G such that G/H G J-^, 
and Sk ■■= J^k \ J^k-i- 
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2.5. The tower of mapping spaces. If C is any simplicially enriched category with 
colimits, the inclusion J-^ ^ 0^ induces a simplicial functor : — ). 
defined r^X := X|jr^. Similarly, the inclusion Jk : J^k^ ^k+i induces a simplicial 
functor Jl : Q^^+i _^ QJ^k ^ gQ fQ^- g^^y two diagrams X, F : 0^'' — )■ C we obtain a 
tower of simplicial sets 

(2.6) Map(rjvX, r^H) ^ . . . Map(r,+iX, n+iY) ^ Map(rfcX, rfell) ^ ... 

(mapping spaces in 6-^'^), with induced by J^. If we assume Y_ is pointed, 
fl2.6p becomes a tower of pointed simplicial sets. 

Note that : C-^'^+i ^ G^" has a left adjoint C.k ■ Q-^" e^''+\ with 

(2.7) iikZMGlH) := colim Z(G'/if)^ 

at G/if G J-'fc+i for any Z : J^fc — )■ C. In particular, if Gj H G J-^, the indexing slice 
category has a terminal object Id : G/H G/H, so {ikZ){G/H) = Z{G/H). 
The counit of the adjunction will be denoted by rjk : ^kJkW. W. for W_: J-'k+i — ?• C- 

2.8. Proposition. When X_ G is a cellular diagram, then for each < k < N , 

TkX is cofibrant in 7^'' , and the counit rj^-i : C.k-i'^k-iK. ~^ t^X is a cofibration 
in 1-^''-. 

Proof. We can filter X by sub-cellular diagrams in 7^g' : 

QoX ^ QiX ^ ... QkX QnX = X , 

where QhX consists of all cells Z2g/h with G/H G J-^ (see f ll.Sp ). Then 
TfcX = QkTkX_ = TkQkK. is a cellular diagram in T-^*, so it is cofibrant, for all 
k>0. 

To prove the last statement, we shall show that for cellular X, ^k-i''~k-iK. is 
isomorphic to Qk-i2^, and the counit rj^-i is just the cellular inclusion Q^^iX ^ 
QfcX. For this, by definition of the adjunction counit it suffices to show that the 
restriction map 

B.omjTk{Qk-iK,y) Hom^^fe_i(rfc_iX, rfc_iF) . 

is a natural isomorphism for any Y_ G 0"-^'=: in other words, that any map of 
J-'fc_i-diagrams h : r/c_iX — > Tk-iY_ extends uniquely to a map of J-^-diagrams 
h : Qk^iX. — !■ y_- We show this by induction on the cellular skeleta (X^)^o- 
For p = 0, we have 

Therefore, for G/Ha G J-'k-i, 

h{G/H'') : Tk-iX{G/H'') — ^ Y{G/H'') 

is well-defined, and determines h l^)"^ , and thus if : Qk-iXf ^ Y_ on the 

— G/ Ha 

coproduct, by Fact 11.91 
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For the induction step, assume we have the following solid diagram, and wish must 
define the unique h'' : Qk-iXJ' — )■ Y_ making the full diagram commute: 




where := h\^^,_^x^- Note that the diagram maps here have different indexing 
categories. 

By definition of the cellular skeleta, the commuting square in the following diagram 
(in 7-^'') is cocartesian, so to define the dotted map hF : Qk^iXJ' ~^ H) we need 
only produce a map g : U^g/^ G/HceTk i —g'/Hc ~^ — Ki^-king the solid diagram 
commute: 




9 

Since all the disc-summands in the lower left corner are indexed by objects G/Ha € 
as above h{G/H°') determines g by Fact \1.9\ which also ensures that g and 

agree on the sphere-summands, using commutativity of (12.91) . □ 

2.10. Corollary. //X is a G-CW complex, and X = $X, each TkX is cofibrant 
and rjk-i : C,k-iTk-iX. — ?■ Tfc^ is a cofibration. 

Proof. Use Assumption 11.131 and Fact 11.121 □ 

2.11. Definition. For X as above, let C_j^ denote the (homotopy) cofiber of rjk-i : 
C,k-iTk-i2£. ^ 'TkX in T'^'', with Sk '■ TkX — )■ the structure map in the 
cofibration sequence. For any fibrant yGT^c^^ define: 

Fk{X,Y) := Map^^,{C„ TkY) ■ 

2.12. Corollary. For X as above and any fibrant pointed Y_ G Q'^°g , we have a 
fibration sequence of fibrant simplicial sets: 

(2.13) Fk{X,Y) % Map(r,X, r^y) ^ Map(r,_iX, r.^iH) 
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2.14. Remark. Under the assumptions of the Corollary, fl2.6p is a tower of fibra- 
tions (of Kan complexes), whose (homotopy) limit is the function complex M = 
Map (X, y ) we are interested in. Its homotopy spectral sequence thus converges 
to the homotopy groups of M. In order to make use of it, we need to identify the 
homotopy groups of the successive fibers F^. 

2.15. Definition. If X is a G-CW complex and H < G is any subgroup let 
Xi^ := denote the union of the fixed point sets under all larger subgroups, 
which is a sub-iyfl-complex of X^. The quotient W^^-space X^ := X^/X/^^ will 
be called the modified if-fixed point set of X, with := \^h\ as its base point, 
and sh '■ X^ — > X^ the W^i^-equivariant quotient map. 

2.16. Fact. The automorphism group Wh fixes Xq , and acts freely elsewhere in 

2.17. Definition. If H <K <G, let: 

Wj} := {NGKnNGH)/H < Wh and Wj^ := {NcKmcH) / {KHNgH) < Wk , 
with a surjective homomorphism vr : ^k- 

2.18. Definition. Let denote the opposite category of the partially-ordered set 
of subgroups is: of G with H < K e It embeds in 0°^/{G/H) by 

K \ — V {i* : G/K G/H) . 

Recall that a skeleton of a category C is any full subcategory sk C whose objects 
consist of one representative for each isomorphism type (cf. [McH IV, §4]). Any two 
skeleta of C are isomorphic (and equivalent to C). 

2.19. Lemma. For every H < G, A^ is a skeleton of £^ (cf. H2.1\) . 

Proof. By Fact 11.31 any ip"^ : G/K G/H in can be factored uniquely as 

an isomorphism cf) : G / K' G / K followed by of i* : G / K' ^ G / H (induced by 
the inclusion i:H^K'). Thus : G/K ^ G/H is isomorphic in 0°^/{G/H) 
to a unique object i* : G / K' ^ G / H by the unique (vertical) isomorphism: 

G/K' ^G/H 



(2.20) 




G/K 

□ 

2.21. Groups acting on categories. Note that the group Wh acts on the category 
0'q/{G/H) and its subcategories £^ via functors Qa'-^m^^m (one for each 
a e Wh), where 9^ takes ^/^°p : G/K G/H to (0f )°p o ijj"P. 

Therefore, 0^ induces a W^^-action on each skeleton A^. This takes i* : 
G/K G/H to {i")* : G/K" ^ G/H, by (ESD]), using commutativity of: 

G/K — — — ^G/K"" 
G/H — — — ^G/H , 
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with Qa having the same effect on i* : G/K ^ G/H as O5 if and only if 
6a-i e NgH n NgK. 

In particular, if a G ^ Wh-, so (i")* = i* , then 6a acts on i* via 

2.22. Proposition. If ^ is a G-CW complex, is a fibrant and pointed diagram in 

T'^G , and X = <I>X, then C^iG/H) = Xg (as a Wn-space) for any H e Sk, 
and : 

G/H&skSk 

Proof. By fl2.7p . ik^kK. agrees with r^X at all objects G/K G -Ffc-i, so 
Ck{G/K) = * for such G/K. Thus 



Since all maps in Sk are isomorphisms, by §2.5[ it suffices to consider only its 
skeleton sk Sk. Therefore: 

(2.23) F,iX,Y) = n Map^^iC,{G/H),Y{G/H)) . 

G/H&kSk 

The space of iS^-diagram maps is thus equivalent to the indicated space of Wh- 
equivariant maps, so we have reduced the study of the fiber in fl2.13l) once more 
to the equivariant category of topological spaces, but for a different (and simpler!) 
finite group. 

We see from (12. 7p that for each G/H G Sk, the cofiber C_f^{G j H) appearing 
in (12.231) is the (homotopy) colimit of the following diagram W : J ^ 7: 

The forgetful functor U : £f_i ^ 0^^ sends the object 0°p : G/K G/H to 
G/K, so G/H is a cocone for the image subcategory U{S,^_{) C 0^, and the 
indexing category J is: 

U{Eti)^G/H 

(2.24) 

{Pt} 

where each G/K G U{E,^_^) is equipped with a map uk '■ G/K — )■ G/H (coming 
from £^_i). The category J has an ly^-action by endofunctors as above, and the 
functor W_ is induced by the given X is iy//-equivariant. 

For a G-CW complex X, all maps in Wi|[/(A^ j are cofibrations (inclusions 
X^ ^ X^ for H < K < L), and in fact the (homotopy) colimit of the diagram 
W_\ij^H is just X.H = [Jhkk with the ly^-action induced by the action on 

X^. 

Furthermore, each W_{i>x) : X-'^ X^ is a cofibration, inducing together a 
cofibration W_{i>) : X^h X^. Therefore, the (homotopy) colimit C_^.{G/H) of W 
over (I2.24P is the (homotopy) cofiber of WXv), i.e., X|^, again with the obvious 
VT^-action. □ 
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3. COHOMOLOGY WITH LOCAL COEFFICIENTS 

For a group F, let EF denote any contractible space with a free F-action, and 
BF = EF/F the classifying space of F. 

3.1. Definition. For any F-space X, the associated free T-space is EF x X with 
diagonal F-action. The Borel construction on X is the (homotopy) quotient Xhv '■= 
EF Xr X - that is, the orbit space of EF x X. 

When X has a point xq fixed by F, the associated pointed free T-space is the 
quotient 

EF K X := EF X X/EF x {xq} , 

with F-action induced from diagonal action on EF x X. The pointed Borel construc- 
tion on X is 

X;;p := EF Xr X = EF x X/F . 

Note that EF Xp {*} — BF, and the constant map X — )■ {*} thus induces a 
natural map p : EF Xp X — t- BF. In particular, for a F- module M, 

Kr(M,n) := EFxrK(M,n), 

is called the twisted Eilenberg-Mac Lane space (cf. [GJ). The canonical map p : 
Kr(M, n) — ?■ BF has homotopy fiber K(M, n). 

3.2. Definition. Let M be a F-module. The n-th cohomology group with local coeffi- 
cients of any space 6' : X — t- BF over BF is defined by: 

(3.3) H^CX; M) := ttq MapBr(X, Kr(M, n)) . 

In particular, any homomorphism r : ttiX — )► F allows us think of M as a 
TTiX-module; composing Br with the canonical map X — )■ BttiX shows that 
this definition generalizes the original notion of cohomology with a local coefficient 
system (see [S]). 

The mapping space on the right side of 03.31) is defined by the puUback diagram: 

MapBr(X, Kr(M, n)) ^ Map(X, Kr(M, n)) 

p, 

{9} ^ Map(X, BF) . 

Note further that by [GH VI, §4] we have a natural isomorphism: 

(3.4) Mapr(EF X X,K(M,n)) ~ MapBr(EF Xr X, Kr(M, n)) . 

3.5. Definition. Let X be a F-space and M a F-module. The corresponding ra-th 
reduced cohomology group with coefficients in M is defined: 

^;^(EF XpX; M) := ttq Map(^/Br), (EF XrX, Kr(M,n)) 

(see [GJl Lemma 4.13]). Here (T/BF)* is the pointed over-category, with objects 
■u : Y — )■ BF equipped with a splitting a : BF — )■ Y, for u. The mapping spaces in 
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this category from the object p : EF Xp X — )■ BF with sphtting s : BF — t- EF Xp X 
is defined by the pullback diagram: 

Map(T/Br). (EF Xp X, Y) ^ MapBr(EF Xr X, Y) 



PB 



{a} -MapBr(BF,Y) . 

3.6. Proposition. If X. is a pointed T-CW complex (with base point Xq fixed by F ), 
and M is a T-module, then for any < i < n we have: 

(3.7) 7riMapr(EF X X, K(M,ri)) = H^-\ET Xr^; M) . 

Proof. We have a cofibration sequence of F-spaces: 



(3-8) ^ , 

EF X {xo} ^ ^ EF X X ^ EF X X 

with f o j = Id. 

By ([32D and ([SJD we have 

TTi Mapr(EF x X, K(M, n)) ^ H^'^ET Xp X; M) and 

^^■^^ TTi Mapr(EF x {xq}, K(M, n)) = H^-\BT, M) , 

for all <i <n, since BF := EF Xp {xq}. 

Applying Mapp(— ,K) for K = K(M, n) to the top cofibration sequence in 
(13. 8p yields a split fibration sequence of simplicial abelian groups: 



Mapr(EF x X, K) Mapr(EF x X, K) — ^ Mapr(EF x {xq}, K) 



and thus (using fl3.9p ). a split short exact sequence of homotopy groups: 



^ TTi Mapr(EF x X, K(M, n)) H^-'iET Xr X; M) — ^ H^'\BT; M) ^ . 

On the other hand, we know that the last two terms fit into a split short exact 
sequence: 

(3.10) -> H^-\ET Xr X; M) ^ H^-\ET Xr X; M) A H^-\BT; M) ^ 
(see [GJl VI, §4]), so there is a natural isomorphism (13. 7p for each < i < n. □ 

3.11. Corollary. // X A Y A Z is a cofibration sequence of pointed T-CW 
complexes and M is a T-module, we have a long exact sequence in reduced cohomology 
with local coefficients: 

... H^{ET XrZ; M) ^ H^{ET XrY; M) A ^^(EFxrX;M) 

4 i^^+^(EF XrZ; M) .... 
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Proof. The functorial colimit EF k — preserves cofibration sequences, so 



(3.12) EFkX ^ ETkY ^ Er X Z 

is a homotopy cofibration sequence of pointed T spaces. Applying Mapp(— , K(M, n)) 
to fl3.12p yields a fibration sequence in S^=, wliose long exact sequence in liomotopy 
groups is the required one, by Proposition 13. 61 □ 

3.13. Lemma. If X. is a T-CW complex with Xq fixed by T, and free action on 
X \ {xq}, and M is a T-module, then for any < i < n: 

7riMapr(X,K(M,n)) = i/^^^Er Xr X; M) . 
Proof. In our case the diagram (13.81) fits into a diagram of F-spaces: 



Er X |xol c — ^ Er X X — ^ Er X X 

(3.14) 

h.e. 



h.e. 



{xo}' -X ^X 

where the vertical maps are projections onto the second factor; since p and q are 
(non-equivariant) homotopy equivalences, so is r. 

Note that r : Er x X — )■ X induces homotopy equivalences on all fixed point sets 
(which consist only of the basepoint for all {e} H < G), so by |JS[ Theorem (1.1)] 
r is in fact a r-homotopy equivalence. Therefore, it induces a weak equivalence: 

(3.15) Mapr(X,K(M,n)) A Mapr(Er x X, K(M, n)) , 



so the claim follows from Proposition 13.61 □ 

From Fact 12.161 and Lemma 13.131 we deduce: 

3.16. Lemma. For any finite group G, G-CW complex X, coefficient system M_ : 
0°Q — )► AhGp, and n > let X_ he the fixed point set diagram for X, and Y_ := 
K(M, n) the (fibrant) diagram of Eilenberg- Mac Lane spaces in corresponding 
to M. Then for each k < lencje} we have 

7l^Fk{x,Y) = hi!^~;{eWh xg; Mh) 

G/HeskSk 

for <i < n, where -Ffc(X, F) is as in Definition \2JJ\ and Mh := M{G/H). 
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3.17. Definition. Given a G-CW complex X and fixed G/H G Sk+i-, we liave a 
diagram of lV//-spaces: 



(3.18) 



U 



X 



H 



U -^'^ 



V X 



H<LeSk 



U X. 



X 



x"/| U 



{*} 



X 



in wliicli all rows and columns are cofibration sequences. 

Denote the connecting map for the bottom row in fl3.18p (a cofibration sequence 
of pointed ly^-spaces) by 



(3.19) 



xf ^ s V xi . 

H<LeSk 



By Corollary 13.111 we have a long exact sequence in reduced cohomology with coef- 
ficients in a Vr^f-module M, with connecting homomorphism: 



(3.20) HIvA^Wh ^wn ( V ^i)' ^) ^ ^^f^i(EW^H xiyn Xg; M) . 

3.21. Remark. If F acts on a (pointed) space Y as a subgroup of F', we can replace 
EF by EF' (which is still a contractible space with a free F action) in constructing 
EFxY, EFxrY, EF x Y, and EFxpY. 

3.22. The change of groups map. Given a G-CW complex X and H G J^k+ii we 
have a homeomorphism of pointed spaces: 



(3.23) 



^Wh k ( Y Xi) = \J X X 

H<LeSk H<Le§k 



L 

L ■ 



The W^iiz-action on the left-hand side transfers to the right-hand side as follows: 
for each L > H in Sk, any element a G Wh takes X^ to X^a under 
left multiplication by a. In particular, a G < Wh acts on X^ = X^" by 
automorphisms (via W^^ - cf. §2.17p . 

For any G-module M, we define the change of groups map: 



$i:MapvKjEW^i><Xi, K(Mi,n))^Map^^(EW^Hx( V X^), K(MH,n)) 

H<LeSk 
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to be the following composite: 

Map^jEl^iKXi,K(Mi,n)) 4 Map^H{EWL ^ Xi,K{ML,n)) ^ 

Mapvi.H(Eiyf KXi,K(Mi,n)) ^ Map^^(Eiy^ k X^, K(Mi, n)) ^ 
(3-24) Map^.(El^ixXi,K(MH,n)) ^ Map^.(EW^H x X^, K(M^,, n)) ^ 

MapH.,(Eiy^, X ( V Xi!), K(M^,,n)) . 

Here z is an inclusion (since W^^ < Wl), the homotopy equivalences exist by 
Remark I3.2H vr* is induced from vr : — )■ by functor iality of F i— )■ EF, 

and /i : — )• Mj^^- is the M-structure map. 

The map rj is constructed by an "averaging" process, as follows: 

First, note that by (13.231) . we have: 
(3.25) 

Map^^iEWL^i V Xf;),K(Mi,n)) C J] Map^n' (EW^z. x Xg!, K(Mi, n)) 

so to define r] we must specify a VF^'-equivariant map /' : EWl x X^I — > K(Ml, n) 
in each mapping space in the right hand side of (13.251) (and verify that the result 
is indeed M/i-equivariant). 

For any a G NqH and l^^-equivariant map / G Map^L (Eiy^/ x X^, K(Mz/, n)), 
define: 

/' := fa G Map,^,^(EW^H x Xf:, K{MH,n)) 

(for L' := L" to be fa-= f^aofo (0a)°^- As in gLU 

((/.f-)* : EW^H K Xf: ^ EPFh X Xi 

is induced by 0^ : G/L — > G/L" and fia '■ Mh — )■ Mj^ is induced by the 
automorphism (p^ : G/H ^ G/ H. It is readily verified that fa is W^^^-equivariant 
- that is, that the following diagram commutes: 

EWh X Xf: EWh X X^ K(Mh, n) K(Mh, n) 



EWh X Xf: — - EW^^ x X^ — - K(Mh, n) — K(M^, n) 

for each 6 G NqH fl iV^L (so 6 represents an automorphism 6 G and 6" 

represents h'^ G W^^"). Moreover, we can see that fa coincides with / when 
a G NqL. 

If V G iSfc which is not conjugate to the give L by an element a G NgH, we 
set /' G Map^;j^L' (EWOz x X^,, K(Mj|/,n)) equal to zero. The resulting sequence 

{f')H<L'eSk ^^'"^ ^^^^ hand side of (13.251) - that is, it defines a 

H^H-equivariant map on EWh x i\/ H<L'eSk -^i')' required. 



From Proposition 13.61 we deduce: 
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3.26. Corollary. Given a G-CW complex X , a G-module M_, and H G J^k+i, we 
have a change of groups homomorphism 

{<i>^H)*-H;y^i^WLXw,Xi,ML)^H;v^{EWHXwA V ^uY^Mh). 

H<L'eSk 

4. The spectral sequences 

Our goal is to understand how the Bredon cohomology of a G-CW complex X can 
be computed in terms of local information - that is, the fixed point sets for 
various subgroups H < G. 

Conceptually, this local data should depend only on the Bredon cohomology of 
with respect to the action of the automorphism group Wh- In practice, the local 
data is more delicate, since it is expressed in terms of the reduced cohomology groups 
of X^ with local coefficients. In fact, we have two different spectral sequences, 
which allow us to compute both Bredon cohomology groups (of X itself, and of X^) 
in terms of reduced cohomology with local coefficients. 

First, we state our main result: 

4.1. Theorem. For any finite group G, G-CW complex X, and coefficient system 
M : 0^ — )■ AbGp, there is a first quadrant spectral sequence with: 

E"/ = %A^Wl Xw, Xi; Ml) =^ HU^; M) . 

The differential d, : E^'' ^ = 0^^^^^^^^^^^^^ ^^^(£1^^ x^y, Xg; Mh) on 

each summand is non-zero only if H < L, in which case its component 

is the composite of the connecting homomorphism 5* of i\3.20\) with the change 
of groups homomorphism of Corollary \3.2(A 

Proof. Fix n > and let Y_ := K(M, n) be the (fibrant) diagram of Eilenberg- 
Mac Lane spaces in 7^g corresponding to M, so that iTt Map^o^p (X, Y_) = 

H^-*(X; M) for any < z < n. If N = lencje}, then the tower ([2SD is 
a tower of fibrations (by Corollary I2.12p . with MapfX, Y) = MapfrAfX, tmY) as 
its (homotopy) limit. 

The usual homotopy spectral sequence for this tower of fibrations (cf. |BK| IX, 
§4.2]) has: 

Ef'* := 7CtFk.t{X,Y) rctMeip{X,Y) = H^-*(X; M) . 
By Lemma [3.161 we have: 

TTtFk-t = ^^;*(El^i Xi; Ml) . 

G/L&kSk-t 

Finally, set t := n — i, and note that if we replace n by n — 1, we simply apply 
the loop functor Q to the diagram y, and thus to the tower of fibrations (12. 6p . 
Therefore, the spectral sequences for different n all agree. 
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The differential dj^"*'* : E^~^'^ — )■ jg induced from the long exact 

sequences in vr* of the fibration sequences fl2.13p for k and k + 1 by the 
composite: 

(4.2) 

where the first group is: 

(4.3) Hiy^iEWLXw^^i;ML) 

G/LeskSk 

and the last group is: 

(4.4) Hi^;^{BWH y^wu Xf ; Mh) 

both of which are finite direct sums of abelian groups. 

To define a homomorphism into the direct sum (product), it suffices to describe its 
component in each summand of fl4.4p indexed by G/H E skSk+i: 

First, note that the connecting homomorphism dt in the fibration sequence 02.131) 
for k + 1 is induced by the connecting map Sk+i in the cofibration sequence: 

in T'^'-'+i. Thus given a map of diagrams / : E^^rfcX — )■ r^+iF, we need to 
calculate the composite / o 6k+i : C_k+i ~^ Tk+iY.- However, the diag ram C f^_^_i is 
trivial except on Sk+i, so this map is completely determined by (/ o 5k+i){G / H) = 
f{G/H)oSk+i{G/H) for G/HESk+i, where Sk+i{G/H) is the connecting map 
Sh in the middle horizontal cofibration sequence in (I3.18p . 
By fl2.7p we have: 

T.ikTkXiG / H) = ScolimX(G'/L) = colim SX(G/L) , 
where the colimit, taken over all G/L — )■ G/H in 0^ for G/L G J-^, is 
^H<Lefk Therefore: 

(4.5) liG/H) = U nOoHG/L) 

H<Leh 

for /(G/L) : SX^ ^K{Ml, n) and Y{iIj) induced by the map : G/L G/H 
in 0^ corresponding to the inclusion i : H ^ L (inducing the map denoted by 
/i, in dSSl). 

The decomposition (14.51) is clearly unaffected by the isomorphism in (14. 2p . and 
the map is induced by the quotient map Sk in the cofibration sequence: 

in 

It might seem that we must evaluate Sk at all G/L E Tk with H < L. However, 
in order to define the homomorphism out of the direct sum (coproduct) (14. 3p . it 
suffices to describe its component on each summand, and since we are mapping into 
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the summand for G/H E skiS^+i, we need only consider subgroups L > H with 
G/L G skiSfc. and for these we have: Sf^{G/L) = q (the lower left vertical quotient 
map in fl3.18p ). 

We thus see that the composite fl4.2p is induced by the composite: 
^ SXh= U SX^ ^ V ^^L' 

H<L&Tk H<LeSk 

which is just 6h of fl3.19p by naturality of the connecting maps in the diagram of 
cofibration sequences (13.181) . 

At this point we have shown that, given a M/j^-map 

g: V SXi ^ K{MH,n) , 

H<L£Sk 

or its adjoint 

~g: y ^ QK{MH,n) = K(M^,n-l), 

we obtain a Wff-io^sip g o (Sg o Sh) '■ X|^ — )■ K(Mjy, n). By Lemma 13. 161 this yields 
a homomorphism: 

Now fix Lq > H in - that is, our representative in the skeleton of (see 
Lemma 12.191) - and consider the inclusion of the summand 

Hl^^^ {EWl, X X^° ; J ^ (EWl x X^; M^) 

G/Lesk5fc 

= 7rtMapT^,(C:fc,rfci:) 

in the direct sum (14.31) . 

The composite slo into Ht Mapj^^. (r^X, r^F) is induced by the equivalence 
of categories t : J-'k/{G/H) ^ skJ^k/{G/H), which extends a WLo-map g : 
Y{G/Lo) = K(ML„t) (representing [g] G iJ^^^(EH^i„ x^^^ X^°; M^J) to all of 
'jJ^k precisely by the averaging map rj in (13.241) . □ 

4.6. The categories with group action. As noted in §2.21[ for a fixed 

G/H G Sk, the group Wh = Aut{G/H) acts on the categories £.^; we can 
incorporate this action into each £^ to obtain a new category £^ defined as 
follows: 

First, we define a free category C with objects Obj (£^): that is, : G/K — )■ 
G/H in 0^ with G/K G J-'m- The maps of C will be generated by those 
of £^, together with a new map (0^")°^ : — )■ (i°)* for any a G iV^if and 
i* : G/K -> G/// in A^ C Obj (£^) (cf. EH). 

The forgetful functor f/„ : £^ -> 0^^ (sending ^j"^ : G/i^- ^ G/H to G/iT) 
extends to Um '■ 6 — ?■ Og" t'^^ obvious way, with 

Umii^^D = i^ar ■■ G/K ^ G/K'^ . 
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We define £^ to be the quotient category of 6, with the same object set, in which 
two morphisms / and g are identified if and only if Umf = UmQ- Thus £^ embeds 
faithfully (but not fully) in 

This implies that if a E H < K, then (0f")°'' is the identity, so £^ encodes 
the action of Wh = NqH/H on Eg (see In particular, (0f )°p : i* (i"")* 

will be identified with (0f )°p : i* (i^)* if 

(0f )°p = (0f )°P : G/K G/K" = G/K^ , 

that is, if h^^a G K. In particular, NqH fl NqK acts by automorphisms on 
i* : G/K G/H, and 

Ant^H{t*) = {NgH r]NGK)/{NGH nK) = Wj^ . 
The filtration fl2.3p induces a filtration: 
(4.7) £^ C £f C ... £^C ... C £f 

by full subcategories. We let be the full subcategory of £^ with object set 

cH \ cH 

\ ^m— 1" 

4.8. Definition. Given a G-space X, M : 0^ -4 AbGp, n > 0, and a fixed 
subgroup H < G, let Y := K(M, n)^ (an l^/^-Eilenberg-Mac Lane space with 
7CnY = Mh ■.= M{G/H)). 

We define two diagrams X ,Y : t'jf ^ 7 by: 

(a) X:=X°Uk, so X(G'/fs:) := X^^ with X{j*) the inclusion X^ -4 X^ 
for j -.L^K and X((0f )°p) : X^ ^ X^" the action of NqH. 

(b) r(G/ir) := Y^G^nx^ ^-^^^i Y{]*) the inclusion, and 

F((0'^)°P) : Y^^-^"^ )■ Y^"^"^^" 

again the given A^^cif-action. 

4.9. Lemma. //X and Y as above, there is a natural isomorphism 

Map^,H(X,f) = Map^^(X^,Y). 

Proof. Note that for any diagram Z : 8,^ ^ 7, Z{G/H) has a W^^-action, and 
the restriction Z_ : Eg ^ 7 of Z is W^^-equivariant (with respect to the M/^z-action 
of EU). 

Since X{G /H) = and Y{G /H) = Y, we have a projection 

Map^g^(X,F) -4 Map(X^,Y) 

which lands in Mapp,/^(X'^, Y) (because of the equivariance). 

On the other hand, given a PF/^-map / : X^ — )■ Y and i : H "-^ K, because 
NgH nK < K, we have an inclusion j : X^ -4 x^G-f^n/c^ Moreover, /Ix^vcHnK 

lands in Y^^'^^'^ = Y{G/K) because any MZ/^-map is an iVc-ff-map. Therefore, 
we can define a map of £^-diagrams f : X ^ Y by setting 

f{G/K) : X{G/K) Y{G/K) 
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to be 

/Ix- = (/Ix-g-hk) oj : ^ Y^^™ , 
and noting that all the groups acting in £^ do so via the A^^ciJ-action. □ 

4.10. Definition. Given an inclusion i : H "—^ L, let {£*) denote the collection 
of all distinct conjugates (r)* : G/L" G/H" = G/H of t : G/L G/H by 
elements a G NqH . This class contains [NqH : NqH fl NqL] distinct elements 
of 0'q/{G/H). When L E J^m, {£*) is an isomorphism class of elements in 

so by choosing one representative i* : G/L G/H in each such class {£*), we 
obtain a skeleton sk£^ for 

Note that any object i* : G/L — > G/H in the skeleton (with i : H ^ L an 
inclusion) is determined by the object G/L in 0^, so by abuse of notation we 
denote it simply by G/L. 

4.11. Proposition. // X : 0^ — t- T is cellular, then for each H E and m < k 
the restriction X_ o Um '■ £„ — ^ "J" is cellular, too. 

Proof. For any L G J^m and inclusion i : H ^ K, let 

:= {(j o i)* : G/L" ^ G/H : a G G and j : fsT L"^ is an inclusion} C £^ . 

Note that each object in is determined by the conjugate (containing K). 

In particular, if K = H, we let := nsk£^. Moreover, given "P^, we 
can generate all of by conjugating each j = j o Idn by all possible elements 

a G NqH, so = llj.^pL (j*). Since C V^, this yields a partition: 

(4.12) = ]J ((jo^)*) n 

for any H < K < G. 
Now consider a cell D^/^ in T°g (gnUD- By definition, for each G/K E 0°J, 

Dl/dG/K) = n d; 

i)°P:G/L^G/K in 0°^" 

(see (11.81) ). However, every map ip"^ : G/L ^ G/K is determined by choosing 
a conjugate of L containing K, with inclusion j : K ^ L", and then 

^op _ j* Q (0^)°P (see §l.ip . Since (0a )°'' is an isomorphism, the possible 
choices of such isomorphisms G/L — )• G/L"" (for fixed G V^) is in one-to- 
one correspondence with Aut(G/L) = Wl. Thus we have a set bijection between 
Homo^p(G/L,G/fs:) and V^xWl, so: 

m/L{G/K) = WW^- = W II ^^D^ 

Wl {joiY&V^ {(joi)") n Wl/WS WS 

where the second equality follows from (14.121) and Definition 12.171 

On the other hand, let -D^op be an n-cell in T^™, for some : G/L — t- G/H 
in 1g. Given any ("^ : G/K G/H in £^, we have: 

5Sop(C°^) = II . 
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We may assume for simplicity that and are in the skeleton - that is, they 
are induced by mclusions: 79°p = t : G/L G/H and C""" = i* ■ G/K G/H. 
Because Um '■ ^ ^'g faithful, the possible maps ip°^ are determined by 
:= Um{i'°^) : G/L ^ G/K in 0^^, that is, by the choice of a G NgH and 
(j o i)* e (t) n (for j : K ^ L"), and an isomorphism G/L G/L" in £.^. 
Therefore: 

mn = II II D" 

We conclude that for any cell ZZg/l T'^cf, its restriction Z2g'/l°^'" "^^^ 
is itself a coproduct of cells, viz.: 

m,L o ^™ = II II Dl^.y . 

The cellular ity of X o Um now follows by induction from f ll.lip and Fact 11.91 □ 

4.13. Remark. Note that for L> H we have NcHnNcL C NciNcHnL), so we 
have an inclusion 

{NGHnNGL)/{NGHnL) = W^^nnL ■ 

Therefore, acts on M{G/{NgH n L)) for any O^Miagram M. 

Furthermore, there is a one-to-one correspondence between the lattice of groups L 
with H <L< NgH and the lattice of subgroups L := L/H of Wh = NgH/H, 
which induces an inclusion of categories I : O'g Therefore, given a diagram 

M : O'q — )■ AbGp, we can define a coefficient system Mh = M o / : — > AbGp, 

with Mh{Wh/L) := M{G/L). 

Moreover, if Y := K(M, n)^ as above, then ~ K(M(G'/L),n) for any 
h < L < NgH, so Y is a W//-space of type 'K{Mh, n) (see §1.14p . and thus 

Hj^^(X^;MH) = 7r„_,Map^;^.^(X^,Y) 
for any G-space X by |May| II, §1]. 

4.14. Theorem. For any finite group G, G-CW complex X, and coefficient system 
M : O'q — )■ AhGp, for each subgroup H < G there is a first quadrant spectral 
sequence with: 

Proof. For X, F : £^ — > T of Definition 14. 8[ as in §2.5[ we can restrict X and Y 
along (52]) to obtain r^X, r„F : £^ ^ T. By Corollary 121101 when X is a G-CW 
complex, X and thus r^X are cellular, and thus cofibrant in T°c? and T-^"*, 
respectively. Applying Proposition 14.111 we deduce that X := X^o Uk and each 
r^X := X o f/^ (m < /c) is cofibrant, too. 

As in §2.51 the truncation functor T^^^+i — )• has a left adjoint Cm • "J"^™ ~^ 

T As in the proof of Proposition 12. 8[ one can show that the counit Sm-i '■ 
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Crn-i'Tm-iX — ?■ T^X IS a cellulai inclusion, and thus a cofibration, in 7^" . Therefore, 
applying Map^gs (— , Xml^) to Em-i yields a fibration 

e*^_^ : Map^gi? (r^X, r^F) -> Map^gs (C„_irm_iX, TmF) = Map^£H_^ (r„__iX, rm_iF) 
for each m < k. We therefore obtain a (finite) tower of fibrations 

MapinX, TkY) ^ ... Map(r^X, r„f) ^ Map(wX, r„_if) ^ ... 

(mapping spaces in as in (12. 6p . with successive fibers Fm(X,y). 

The homotopy spectral sequence for this tower converges to the homotopy groups 
of Map^TkX, TkY) = Map(X, Y), which are the required Bredon cohomology groups 
by Lemma 14.91 and (11.161) . The E'l-term of the spectral sequence can be described in 
terms of the homotopy groups of the fibers Fm{X, Y), which we identify as follows: 

By definition, 

F„(X,r) = {/GMap£H(X,r) : r„_i/ = 0} . 

and since Map-SH{X,Y) is a subspace of n,9opf=?ff Ma.pj(X('d°^),Y(')!}°^)), we see 

that F„(X,r) is a subspace of n^opgj-^f Mapj(X(79°P), F(?9°p)), and in fact, it 

suffices to consider the factors indexed by objects in a skeleton of S^. Note that any 
map of diagrams must be equivariant with respect to the action of the automorphisms 
of such objects, so: 

Fm{X,Y) C MapA^t, h{G/L) 

{X{G/L), Y{G/L)) . 

G/LeskSH 

In our case X{G/L) = X^, Y{G/L) = K{MNGHnL,n), and Aut^^(G/L) = 
^Wl, so 

However, in order for a collection of ly^-maps fi : X-^ — )• 'K{Mjq^Hr\L^ {G/L G 
skiS^) to yield a map of diagrams f : X ^ Y in we need the restrictions 

to X{G/K) = X^ to vanish for any K > L. Since Xl = X^ is 

a PF^-invariant subspace of X^, this is equivalent to each map inducing a 

(pointed) W^f-map Xi = X^Xl ^ K(MAr^HnL, n)) 

Therefore, 

FUX,Y) = n Map^.(Xi, K(MH,n)) . 

G/Lesk5^( 

where W}} acts on 'K{MN^HnL,'n) via the quotient map tt : Wj^ — )■ Wj^ as a 
subgroup of WNcHnL, and on X|; via tt. 
From Fact 12.161 and Lemma 13.131 we deduce: 

7r,F^(X, F) - H'^-^iEWL x^h X^; M^^hhl) • 

G/L&kSH 

□ 
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4.15. Remark. Given a G-CW complex X and a coefficient system M, we have two 
spectral sequences for computing the Bredon cohomology groups H^^(X'^; Mh), 
given by Theorems 14 . 1 1 and 14 . 1 4[ respectively, both starting with reduced cohomology 
groups with local coefficients. However, they are not identical, since the modified 
fixed point sets appearing in the E'l-term of the first spectral sequence are restricted 
to (X^)| for L < Whi while in the second spectral sequence we allow all X|; 
for H < L < G. Note, however, that if NqH < L, then is trivial, so by 
f l3.10p the reduced cohomology is just ordinary (non-equivariant) cohomology. 

4.16. Remark. For finite G and any G-CW complex X, Bredon also defined its cellular 
equivariant homology groups, and this definition was extended to arbitrary G-spaces 
by Brocker in |Broj . and to arbitrary topological groups by Willson in |Wj . However, 
these constructions are in terms of appropriate chain complexes, rather than mapping 
spaces of diagrams as in (11.151) . so our methods do not yield analogous spectral 
sequences in Bredon homology. 
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